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Abstract. In 1968, E. T. Schmidt introduced the M^[D] construction, an 
extension of the five-element nondistributive lattice M3 by a bounded dis- 
tributive lattice D, defined as the lattice of all triples (x,y, z) S D 3 satisfying 
xAy = xAz = yAz. The lattice M$[D] is a modular congruence-preserving 
extension of D. 

In this paper, we investigate this construction for an arbitrary lattice L. 
For every n > 0, we exhibit an identity fj, n such that n 1 is modularity and 
Mn+i is properly weaker than fj, n . Let M n denote the variety defined by fj. n , 
the variety of n-modular lattices. If L is n-modular, then M3[L] is a lattice, in 
fact, a congruence-preserving extension of L\ we also prove that, in this case, 
IdM 3 [£] M 3 [ldL}. 

We provide an example of a lattice L such that Mz [L] is not a lattice. This 
example also provides a negative solution to a problem of R. W. Quackenbush: 
Is the tensor product A®B of two lattices A and B with zero always a lattice. 
We complement this result by generalizing the M3 [L] construction to an M4 [L] 
construction. This yields, in particular, a bounded modular lattice L such that 
M4 ® L is not a lattice, thus providing a negative solution to Quackenbush's 
problem in the variety M of modular lattices. 

Finally, we sharpen a result of R. P. Dilworth: Every finite distributive 
lattice can be represented as the congruence lattice of a finite 3-modular lattice. 
We do this by verifying that a construction of G. Gratzer, H. Lakser, and E. T. 
Schmidt yields a 3-modular lattice. 



1. Introduction 

E. T. Schmidt [Q] and [EJ introduced the following construction. Let M3 be the 
five-element, modular, nondistributive lattice and let D be a bounded distributive 
lattice. The lattice M3 extended by D, denoted by M^D], is the lattice of all triples 
(x, y, z) G D 3 satisfying xl\y — xl\z~yl\z\ we call such triples balanced. Then 
Af3[£>] is a (modular) lattice and A^Z?] and D have isomorphic congruence lattices. 
Meet in M 3 [Z3] is performed componentwise, while the join is the smallest balanced 
triple in M 3 [Z3] containing the triple formed by componentwise joins. 

Note that the elements (a;, 0,0), x £ D, form a sublatticc of A^f-D] isomorphic 
to D. We identify (x, 0, 0) € Ms[D] with x € D, making A73[£>] an extension of D. 

Let L be a lattice. A lattice if is a congruence-preserving extension of L, if K 
is an extension of L and every congruence of L has exactly one extension to K. 
Of course, then the congruence lattice of L is isomorphic to the congruence lattice 
of K. E. T. Schmidt proved that M3 [D] is a congruence-preserving extension of D. 
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This construction plays a central role in a number of papers dealing with con- 
gruences of modular lattices, see G. Gratzer and E. T. Schmidt [I] and as two 
recent references. 

This paper started with a problem proposed in G. Gratzer and E. T. Schmidt 4 : 
Does every lattice have a proper congruence-preserving extension? (We solved this 
problem in G. Gratzer and F. Wehrung [§].) Of course, if the lattice is a bounded 
distributive lattice D, then M3IX)] is such an extension. So two problems were 
raised: 

1. For what classes of lattices C, is Ms[I/] a lattice for L E C? 

2. When is Ms[L] a congruence-preserving extension of LI 

Surprisingly, in addition to Schmidt's result ( JV/3 [Z)] is a (modular) lattice pro- 
vided that D is a bounded distributive lattice) , we could only find one other relevant 
result in the literature, see R. W. Quackenbush if L is modular, then M^[L] 
is a lattice. 

In Section [3 we define a lattice identity fi n , for every n > 0, such that fi 1 is 
equivalent to the modular identity and /x n+1 is weaker than fi n . Let M„ denote the 
variety defined by fi n ; we call M„ the variety of n-modular lattices. We prove that 
if L is a n-modular lattice, then Ma[L] is a lattice and it is a congruence-preserving 
extension of L. In Section [31 we verify that M„ C M n +i and M n gets very large 
as n gets large: (J( M„ n < uj ) generates the variety L. 

We show, in Section^ that Ma[L] is, in general, not a lattice. In Section [5] 
we show how we can remove the condition that L be bounded in the results of 
the previous sections. In Section H3 we explain how the two different definitions of 
Mij[.D] in the literature can be reconciled using tensor products, and we obtain the 
isomorphism MjjIX] = M%®L, for any lattice L with zero which satisfies fi n for some 
n. It follows, then, that the result of SectionQJcan be reinterpreted: there is a lattice 
L with zero such that M%®L is not a lattice. This solves, in the negative, a problem 
proposed in R. W. Quackenbush JHj : Is the tensor product of two lattices with zero 
always a lattice? In fact, our counterexample consists of two planar lattices. In 
Section[7| we show the there is a counterexample consisting of two modular lattices, 
M4 and the subspace lattice of any infinite dimensional vector space. There is 
another result on n-modular lattices in Section |SJ Id A/3 [L] = M3 [Id L\. 

In Section 03 we prove that every finite distributive lattice can be represented 
as the congruence lattice of a finite 3-modular lattice L. Without 3-modularity, 
this is a result of R. P. Dilworth. We prove this by verifying that the lattice L 
constructed by G. Gratzer, H. Lakser, and E. T. Schmidt [3] to represent D is, in 
fact, 3-modular. 

The paper concludes with a discussion of some additional results and a list of 
open problems in Section 

2. The identities 

Let L be a lattice. The triple (x, y, z) e L 3 is balanced, if 

xAy = xAz~yAz. 

We denote by Ma[i] the set of all balanced triples. We regard M^[L] as a subposet 
of L 3 , in fact, a meet-subsemilattice of L 3 . 

Lemma 2.1. Let L be a lattice. Then M^[L] is a lattice iff Ms[L] is a closure 
system in L 3 . 
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Proof. If Ms[L] is a closure system and (xo, yo, zq), (xx,yi,Zi) 6 MafL], then the 
closure of (xo Vxi, yo Vt/i, Zo V Zi) in Ms[L] is the join of (xo, yo, Zq) and (xi, yi, Zi). 
Conversely, if M^[L] has joins, then the closure of {x,y, z) S Afa[L] is 

(x,o,o) V (o,y,o) V (0,0, z), 

where o is any element of L contained in x, y, and z. □ 

Let us define the lattice polynomials p n , q n , and r„, for n < oj, in the variables 
x, y, and 0: 

= x, q Q = y, r = z, 

Pi=iV(i/Az), qi=yV(xAz), r 1 =z\j(xAy), 

Pn+i =p n V (q n Ar„), g n+1 = <?„ V (p„ A r„), r n+ i = r„ V (p„ A g n ). 
Let {x,y, z) 6 L 3 . Define, for n > 0, 

(x,y,z} (n) = (p n (x,y,z),q n (x,y,z),r n (x,y,z)) 

Note that 

(1) < < ■■■ < (x,y,z)W <■■■ 

Definition 2.2. For n > 0, define the identity /x„ as p„ = p n +i- Let M„ be the 
lattice variety defined by \x n . The lattices in M„ are called n-modular] lattices 
in M„ — M„_i are called exactly n-modular or of modularity rank n. A lattice 
L (jz. M„, for all n < u>, is of of modularity rank 00. 

Lemma 2.3. L is an n-modular lattice iff for all a, b, c € L, (a,b,cp n ' is the 
closure of (a, b, c). 

Proof. This statement immediately follows from the definitions. □ 

Corollary 2.4. The following inclusions hold: 

Mi C M 2 C ■ ■ • C M„ C • • ■ 

Corollary 2.5. For every finite lattice L, there is an integer n > such that L is 
n-modular. 

Proof. Indeed, if L is finite, then the increasing sequence (a, b, c}(") must terminate 
in L 3 , so Lemma \'2 . 31 yields this result. □ 

Corollary 2.6. (J(1VL \ i < lo) generates L, the variety of all lattices. 

Proof. Indeed, by Corollarv l2.5l 1J( M.; \ i <u>) contains all finite lattices and it is 
well-known that all finite lattices generate the variety L. □ 

Lemma 2.7. Mj is the variety of modular lattices. 

Proof. If L is a modular lattice, then computing in Fm(3): 

p 2 = (x V (y A z)) V (y V (x A z)) A (z V (x A y)) = x V (y A z) = p x . 

Conversely, if L is nonmodular, then it contains a pentagon N 5 = {o, a, 6, c, i} 
(with zero o, unit i, and with b < a) as a sublattice and 

a, c) = b V (a A c) = 6, 

P2O, a, c) = (6 V (a A c)) V ((a V (b A c)) A (c V (a A 6)) = a, 
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so fx l : pi — P2 fails with x = b, y = a, and z = c. □ 

On the other hand, P2 = P3 holds in N& , so we obtain 

Lemma 2.8. The variety N5 generated by N$ is 2-modular. 

E. T. Schmidt and ^2] proved that Af 3 [L] is a modular lattice, if L is 
distributive. We now prove the converse. 

Lemma 2.9. L be a lattice. Then M^[L] is a modular lattice iff L is distributive. 

Proof. So let Af 3 [L] be modular. Since M 3 [L] is an extension of L, it follows that 
L is modular. If L is not distributive, then L contains Af 3 = {o, a, b, c, i}, the five 
element modular nondistributive lattice, as a sublattice. Then (0,0,0), {a, a, a), 
(a,a,i), (b,c,o), £ M 3 [L], (a,a,i) A (b,c,o) = (0,0,0), (a, a, a) V (b,c,o) = 

(i,i,i), which easily imply that 

^5 = {(o, o, o), (a, a, a), (a, a, i), (b, c, o), (i, i, i)} 

is the five-element nonmodular lattice, a sublattice of Af 3 [L], a contradiction. □ 

The following lemma is due to E. T. Schmidt for n = 1, and to R. W. 
Quackenbush for n = 2: 

Lemma 2.10. Let n > and let L 6 M„ be a lattice. Then M^[L] is a lattice. 
Furthermore, if L is bounded, then M3 [L] has a spanning M3 . 

Proof. By Lemma 12.11 we have to prove that M3 [L] is a closure system. For 
(x, y, z) e M 3 [L], define 

(2) (x,y,z) = (p n (x,y,z),q n (x,y,z),r n (x,y,z)). 

By CD, (x,y,z) < (x,y,z). Since a polynomial is isotone, (x,y,z) < (x',y',z') im- 
plies that (x, y, z) < (x', y', z'). Finally, let (x, y, z) = (x* , y* , z*); thenp„(a;, y, z) = 
p n+1 (x,y,z) = pi(x*,y*,z*), so (x,y,z) is closed. 

The spanning M 3 is {(0, 0, 0), (1, 0, 0), (0, 1, 0), (0, 0, 1), (1, 1, 1)}. □ 

Theorem 1. Let n > and let L be a bounded n-modular lattice. Then M 3 [L] is 
a lattice with a spanning M3. The map 

e: x 1— > (x, 0,0) 

embeds L into M 3 [L]. If we identify x G L with xe — {x,0, 0) € M 3 [L], t/ien the 
lattice M 3 [L] is a congruence-preserving extension of L. 

Proof. By Lemma T2. 101 Af 3 [L] is a lattice. Furthermore, e is, obviously, an embed- 
ding; we identify x £ L with xe = (x, 0, 0). Now let O be a congruence of L. Form 
O 3 , a congruence of L 3 , and let -M 3 [0] be the restriction of 3 to M 3 [L]. We claim 
that Af 3 [9] is the unique extension of the congruence 6 to M 3 [L]. Since Af 3 [9] 
restricted to L equals O, it is sufficient to prove the following two statements: 

(i) M 3 [9] is a congruence of M 3 [L] . 

(ii) Every congruence $ of A/ 3 [L] is of the form A/ 3 [9], for some congruence 
9 of L. 

Re: (i). Af 3 [9] is obviously a meet-congruence on M 3 [L]. It remains to prove 
the join substitution property. So let (xo,yo,zo) = (xi,yi,zi) (A/ 3 [9]) and let 
(u,v,w) € M 3 [L]. Then £0 = %i (9) and so xq V u = x\ V u (9). Similarly, 
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yoVv — yiVv (9) and zq Vw = Z\ Vw (9). Since a polynomial has the substitution 
property, we conclude that 

p n (x V u, y V v, z V w) = p n {x\ V u, yi V v, z\ V w) (9), 

and similarly for q n and r„. Thus 

{p„(x V u, y V u, 2 V to), q n (x Vu,y V v, z V w), 

r n (x V w, y V w,z V w)) 

= (p n (xi Vu,yi Vu,2i Vto),g n (xi Vu,yi V«,2i Vw), 

r„(x V it, y V v,z V to)) 

modulo 8 3 , and therefore, modulo M 3 [9]. By (J2J, this last congruence is the same 
as 

(x ,yo,z ) V (u,v,w) = (xi,yi,zi) V (u,v,w) (M 3 [9]), 

which was to be proved. 

iie: (ii). Let $ be a congruence of M 3 [Z] and let 9 be the restriction of <E> to L. 
We want to show that M 3 [0] = Let (x , y , Zq), (xi,yi,2i) G M 3 [L]. 

If (x ,y ,z ) = (sci,2/i, Zi) (-^[G]), then x Q = Xi (6) in L and so (a;o,0, 0) = 
(xi,0, 0} (M 3 [9]). Since M 3 [0] and <& agree on L, we conclude that 

(3) (£ ,0,0> = 0,0) ($). 
Similarly, (y ,0, 0) = (yi,0, 0) ($); therefore, 

(0,y o ,0) = ((y ,0,0)V (0,0,1)) A (0,1,0) 

= ((yr, 0, 0) V (0, 0, 1)) A (0, 1, 0) = (0, yi, 0) ($) 

that is, 

(4) (0,^,0)^(0,^,0) ($). 
Similarly, 

(5) (0,0,*o) = (0,0,«i) (*)• 

Joining the three congruences J3J)-©, we obtain that (xo, yo, zq) ee (x\, y\, Z\) ($). 

Conversely, let (xo,yo,zo) = (xi,yi,zi) ($). Meeting with (xo Vxi,0,0) G 
M 3 [L], we derive that (xo,0,0) = (xi,0, 0) (<&) and so xo = xi (6). Similarly, 
(0,y ,0) ee (0,y x ,0) ($). Therefore, 

(y , y , 1) = (0, y , 0) V (0, 0, 1) ee (0, y u 0) V (0, 0, 1) = (y 1; y u 1) ($) 

and meeting with (1, 0, 0) G M 3 [L], we conclude that (yo, 0, 0) ee (y 1 , 0, 0) ($), that 
is, y ee y! (6). Similarly, z = z\ (9) and so (x ,y ,zo) = (xi,yi,zi) (0 3 ), from 
which it follows that (xo,yo,zo) ee (xi,yi,zi) (Af 3 [8]). □ 

3. The variety M„ 

In this section, we prove that M„ is properly contained in M n+ i, for every 
n > 0. It is obvious that M„ C M„ + i. To show that the equality fails, we have 
to construct, for each n > 0, an exactly (n + l)-modular lattice L n . The lattice L 3 
is shown in Figure 1. The definition of L n follows the pattern of L 3 , except that 
there are n+1 x-s: Xo, x\, . . . , x n ; there are n + 1 y-s: yo, 2/1, • • • , Vn\ an d so there 
are n+1 sublattices of the form Cf in the middle. 

Since L n is planar and bounded, it is a lattice. 
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Z3 = z 2 V (x 2 A y ) 



z 2 = Zi V (xi A j/o) 



z\ = z V (x A j/o ) 



Theorem 2. L n is an exactly (n + \)-modular lattice. 

Proof. It is easy to check that the free lattice on C 2 + C\ (see Figure VI. 1.1 in [2]) 
is 2-modular. This shows that fi 2 holds in any lattice at any triple (x, y, z) such 
that two of the variables x, y and z are comparable. So to check that fi 2 holds 
in L\ at {x,y,z}, we can assume that x, y, and z form an antichain; since there 
are very few antichains of three elements in Li, it is very easy to compute that fi 2 
holds. So L\ is (exactly) 2-modular. 

Now we induct on n. The interval [x\ A Z\, 1] of L n is isomorphic to So if 

x, y, z <E [xi A zi,l], then [i n holds at (x,y,z), therefore, £t n+1 holds at {x,y,z). 
If two of x, 2/j -z are in [x\ A Z\, 1], say, y, z £ [x\ A zi, 1], then replacing X by 
5 = iV(yAz), and, similarly, for y and z, we have all three elements in [x\ A Zi, 1] 
and /x„ holds for a;, y, z, so /i.„ +1 holds for x, y, z. Since there is no three element 
antichain outside of [x± A z\, 1], we are left with the case that two of x, y, z are not 
in [xi Az%, 1], say, £ and z. We cannot then have x < x% A z%, because there is no 
such antichain. Similarly, z -f. x\ A Z\. Theorefore, by symmetry, we can assume 
that x = xq and z = zq. It follows that y £ [xi A z\,ya]. So we have p\ = X\ and 
Qi — Hi r i — z \ , all in [x± A z±, 1]. By induction, holds for xi, ?/, and z\ and so 
/i. n+1 holds for x, y, z. 

It is clear that fi n fails in L n with the substitution x = xo, y — yo, and z = zo 
because p n (x Q ,yo, z ) = x n < 1 = p n+ i(x ,yo, z )- □ 

Corollary 3.1. The following proper inclusions hold: 

Mi c M 2 C • • • C M„ c • • • 

4. M 3 [L] IS NOT ALWAYS A LATTICE 

In this section, we construct a bounded lattice L such that M3[L] is not a lattice. 

Theorem 3. For the lattice L of Figure 2, M^\L] is not a lattice. Moreover, L has 
modularity rank oo. 

Proof. The reader can easily verify that L is a lattice by exhibiting the join- and 
meet-tables; for instance, XiAzj = c min ^ fj, XiVzj — 1, and so on. By Lemma l2.ll to 
show that A/3 [L] is not a lattice, we have to verify that M3 [L] is not a closure system. 
We claim that (xo,yo,^o) has no closure. So let us assume to the contrary that 
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(x,y,z) is the closure of (x , y , z ). Since pi(x , y , z ) = x 1: qi(x Q ,y ,z Q ) = y , 
fi{xo,yo,zo) = zi, so by induction, {x,y,z} must contain all (x n , yo, z n ), that is, 
(xn,yo, z n) < (x,y,~z), for all n > 0. On the other hand, (u n ,yo, v n ) is balanced, 
so (x,y,z) < (u n ,yo,v n ), for all n > 0. But there is no (x,y,z) G L satisfying 
(x n ,yo,z n ) < (x,y,z) < (u„,y ,v n ), for all n > 0, so (x,y,z) does not exist. 





If L was n-modular, for some n < lj, then (xq, yo, Zo}^ = {x n , yo, z n ) would be 
closed, but it is not. □ 

We shall see in Section [S] that L provides a negative solution to Quackenbush's 
problem, namely, M3 ® L is not a lattice. 



5. Removing the bounds 

Most results of Sections remain valid without assuming that the lattice 
L has a unit. The only exception is, of course, the statement that Ma[L] has 
a spanning M3. If we do not assume that L has a unit, then the appropriate 
statement is that in Ms[L], for every a G M 3 [L], there is a i G Ma[L] such that (i] 
has a spanning M3. 

If we do not assume that L has a zero, the definition of the embedding e : x 1— > 
(x, 0, 0} in Theorem^does not make sense, affecting the crucial part about congru- 
ence-preserving extensions. So we need to reformulate Theorem ^ 

Theorem 4. Let n > and let L be an n-modular lattice. Then M^[L] is a lattice. 
The map 

tj) : x h- v (x, x, x) 

embeds L into M^L]. If we identify x G L with xip = (x,x,x) G MafL], then the 
lattice M^[L] is a congruence-preserving extension of L. 
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Proof. The first part of the proof requires little change. 

Let $ be a congruence of Ma[L] and let 8 be the restriction of <I> to L. We 
want to show that Ms[0] = $. Let (xq, yo, zq), (xi,yi,zi) S MafL], and put 
o = f\(x.i A y l | i < 3). 

If (x ,yo,z ) = (a;i,yi, zi) (M 3 [6]), then x = X\ (9) in L and so (x ,x ,x ) = 
) ($). Therefore, 

(x , o, o) = (x ,x , x Q ) A (x V 1/0, o, 0} 

= (yo, 2/o, 2/o) A (x V y , o, 0} = (y Q , o, o) (9), 

that is, 

(xo, o, o) = (y , 0,0) (9). 

Similarly, (o,yo,o) = (o,yi,o) ($) and (0,0,20) = (0,0, zi) ($). Joining the 
three congruences, we obtain (xo,yo,Zo) = (x\,yi,zi) (<E>). 

The proof of the converse is similar to the original proof with o playing the role 
of and i — \J '( V y% \ i < 3 ) playing the role of 1. □ 

6. Two VIEWS of M 3 [D] 

For a finite distributive lattice D, in the literature, M3[Z)] is presented either 
as the lattice of balanced triples (x,y,z) e D 3 (as we presented it in Section 
or as the lattice Mf, the lattice of isotone maps from P — 3(D) (the poset of 
join-irreducible elements of D) to M3. Either approach is convenient; both present 
a modular lattice with a spanning M3 with D embedded as the ideal generated by 
an atom of M3 and the lattice is generated by M3 and D. The second approach has 
the advantage that it yields with no computation that M3[Z)] is a modular lattice. 
The first approach, however, better lends itself to generalization, as we did it in 
this paper. 

It follows from A. Mitchke and R. Wille that the two constructions yield iso- 
morphic lattices; indeed, both constructions yield a modular lattice with a spanning 
M3 with D embedded as the ideal generated by an atom of M3 and the lattice is 
generated by M 3 and D and, up to isomorphism, there is only one such lattice. 

In this section we shall give a more direct explanation why the two constructions 
yield isomorphic lattices. To this end, we introduce the concept of a capped tensor 
product from G. Gratzer and F. Wchrung 0. 

Definition 6.1. Let A and B be { V, 0}-semilattices. A bi-ideal of A x B is a subset 
/ of A x B satisfying the following conditions: 

(i) / is hereditary; 

(ii) / contains V a ,b = (A x {0}) U ({0} x B); 

(iii) if (do, b), (oi, b) G /, then (do V <ii, b) el; 

(iv) if (a, b ), (a, bi) G I, then (a, b V 61} G I. 

For a G A and b G B, we define the bi-ideal 

a(g>b = V a ,b U { (x, y) G A x B \ (x, y) < (a, b) }. 

The bi-ideal lattice of A x B is an algebraic lattice. The tensor product A<g> B 
is the { V, 0}-subsemilattice of compact elements of the bi-ideal lattice of A x B. 

A bi-ideal I is capped, if there is a finite subset C of A x B such that / is the 
hereditary subset of A x B generated by C along with Va,b- A tensor product 
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A <g) B is capped, if all bi-ideals of Ax B are capped. A capped tensor product is a 
lattice. 

For a lattice L with zero, let L~ denote the join-subsemilattice L — {0}. 
Let A Cg> B be a capped tensor product and let / G A ® _B. We define a map 
A" -> B: 

For i £ i, i > 0, let fi{x) be the largest element y in B such that (a;, y) G /. 
Lemma 6.2. maps A~ into B and 



for xq, xi G A . 

Proof. First we show that <£>/(x) is defined, for all x G A~ . Since / is capped, we 
can write / in the form I = [_}{ai®bi \ i < n) U V a,b, where n is a natural number, 
ai G A, hi G B, for i < n. Now define 



for i < n and let y = \/(yi \ i < n). By definition, (x,yi) G /, so bv Ifi.lf ivl. 
(x, y) G /. Now let (x, z) G /, for some z G B. Then (x, z) G ® &i, for some i < n, 
and so z < bi < y. This proves that y satisfies the requirements in the definition 
of ipi(x). 

Now (fii(xo V xi) < 1^9/ (xo) is obvious, hence, ipi(xo V xi) < <^/(xo) A (^/(xi). 
Conversely, (^/(xo) A ipi(xi) < (pi(xo), so (xo,ipi(xo) A ^/(xi)) G /; similarly, 
(xi,ipi(x ) A v?/(xi)) G /, therefore, byEUm), (x V Xx,<pi{x Q ) A (fi(xi)) G /, 
implying that (pi(xo) A (^/(xi) < (pi(xo V xi). □ 

Let B d denote the dual lattice of B and let Hom v (j4~, B d ) denote the lattice of 
join-homomorphisms from A~ to B d , ordered componentwise, as a subset of B A 



Theorem 5. Let A and B be lattices with zero and let A <g> B be capped. Then 
e: 1 1— ► (pi defines an isomorphism between A(& B and Hom v (A _ , B d ). 

Proof. Lcmma lfi.2l states that the map is well-defined. Since (x, y) G / iff y < ipi(x), 
it follows that ipi determines / and so e is one-to-one. To show that e is onto, let 
ip G Hom v (A~,B d ) and define I — { (x,y) £ A x B \ y < tp(x) }. Since <p is a 
join-homomorphism, it follows that / is a bi-ideal and <p = cpj. □ 

Corollary 6.3. Let L be a lattice with zero. Then the following conditions are 
equivalent: 

(i) M3 (Ei L is a lattice. 

(ii) For all (x, y, z) G L 3 , £/iere exists n > suc/i i/ia£ (x, y, = (x, y, z)( n+1 ) . 

Furthermore, if (i) is satisfied, then M3 (x) L = M3 [L] . 

In particular, if L is n-modular, for some n, then M3 ® L is a lattice, and 
M 3 <g> L = Af 3 [L] . 

Proof. Since M 3 is finite, M 3 (gi L is a lattice iff M 3 ® L is a capped tensor product, 
see Theorem 3 of Furthermore, in the same theorem, it is stated that this is 
equivalent to saying that, for every antitone map £: J(Mz) — > L, the adjustment 
sequence of £ terminates after a finite number of steps. Here, J(-M3) = {a, 6, c}, 
and the ordering on i(M^) is trivial, thus every map from J(A/3) to L is antitone. 



fi(x ) A </?/(xi) = ipi(x V xi), 




bi, if x < a;; 
0, otherwise, 



(not (B d ) A ). 
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Identify £: J(Ma) — > L with the triple (£(a), £(&), £(c)). With this identification, the 
adjustment sequence of £ is easily seen to be the sequence of all (£(a), £(6), £(c))(") , 
n > 0. The equivalence between (i) and (ii) follows. 

Now assume that M 3 ®L is a lattice. Again, M 3 ®L is a capped tensor product, 
thus, by Theorem M 3 ® L = Hom v (Af 3 ~, L d ). For all £ e Hom v (Af3 _ , L d ), we 
can identify £ with the triple (£(a), £(&), £(c)), which, by Lemma fo. 21 is a balanced 
triple. The isomorphism M 3 ® L = Ma[L] follows. □ 

Now the solution of Quackenbush's problem (discussed in the Introduction) easily 
follows: 

Corollary 6.4. Let L be the lattice of Theorem^ Then M 3 ® L is not a lattice. 
Proof. This is obvious by Theorem [31 and Corollary 16. 31 □ 
Corollary 6.5. Let L be a lattice with zero. If L is n-modular, for some n, then 

(i) M 3 ®L = M 3 [L\. 

If L is a finite distributive lattice and P = 3{L), the poset of join-irreducible ele- 
ments of D, then 

(ii) M 3 (8 L = M 3 . 

Proof. Part (i) follows immediately from Corollary 16. 31 

If L is a finite distributive lattice, then, by Theorem [SJ M 3 eg) L is isomorphic 
to Hom v (L~, M3), and any ip 6 Hom v (£~,M3) can be identified with an isotone 
map from P into M 3 . □ 

Combining (i) and (ii) of Corollary 16. 51 we obtain the desired isomorphism: 

Corollary 6.6. Let D be a finite distributive lattice. Then 

Mi <* M 3 [D], 

where P = J(-D), the poset of join-irreducible elements of D. 

For a given lattice, n-modularity has the following algebraic meaning: 

Proposition 6.7. Let L be a lattice with zero. Then the following conditions are 
equivalent: 

(i) M 3 ® L w is a lattice. 

(ii) L is n-modular, for some n > 0. 

Proof. 

(ii) implies (i). If L is n-modular, then L w is n-modular, thus, by Corollary 16. 31 
M 3 ® is a lattice. 

(i) implies (ii). Let us assume that the modularity rank of L is 00. For all n > 0, 
there exists, by definition, a triple (x n , y n , z n ) G such that 

Define the following elements of L u : 

x = (x n I n > 0), 

y = (y n I n > 0), 
z = (z n I n > 0). 
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Then, (x, y, z)W < (x, y, z)(" +1 ) holds, for all n > 0. By Corollary IO M 3 <g> is 
not a lattice. □ 

Another algebraic consequence of n- modularity is the following: 

Proposition 6.8. Let L be an n-modular lattice, for some n > 0. Then 

M 3 [IdL] = Id M 3 [L]. 

Proof. Let U G M 3 [Idi], that is, U = (i, J, if) G M 3 [IdZ]. We define 

U = {(a, b, c) G M 3 [L] | a G /, b G J, c G if }, 

that is, U = (Jx Jx if) flM 3 [I]. Then is obviously a hereditary subset of M 3 [L]. 
We claim that it is join closed. Indeed, let (ao,&0;Co), (ai,&i,ci) G U, set 

(oo Voi,6o Vbi,co Vci) = (x,y,z) G J 3 , 

and define (x, y, z)( n ' as in Section [21 We have x G i, y G J, z G if , so y A z G 
J A if C i and x V (y A z) G J; similarly, y V (x A z) G J, z V (x A y) G K. Thus 

(x, y, = {x V (y A z), y V (x A z), z V (x A y)) G i x J x K. 

By induction, {x,y,z)( n ' G IxJxK. Since L satisfies /x n , (ao, ^o, c o) V (ai, 6i, ci) = 
(x,y,z)( n \ so (a ,6o, c o) V (ai,6i,ci) G i x J x K, and therefore, (ao,b ,co) V 
(ai, &i, ci) G J7, proving that U is an ideal of M 3 LL]. 

Since every a £ I can be augmented to an (a, b, c) G Ai 3 [L] with suitable b G J, 
c G if (and similarly for 6 G J and for c G if), it follows that U determines U. 
Therefore, ip : U i— ► C/ is a one-to-one map from M3pdi] into Id A/ 3 [L]. 

To complete the proof, we have to prove that ip is onto. So let X G IdM 3 [L]. 
Define 

/ = { a G L | (a, b, c) G X, for some b, c G Ai 3 [L] }. 

Since X is hereditary, so is /. Now let ao, a\ G i. Then (ao,^o,co) G X and 
(ffli, &i, ci) G X, for some 6o, £>i, Co, ci G Ai 3 [L]. Let 

(ao,bo, c ) V (a 1: 6 1} c x ) = (x, y, z) G M 3 [L]. 

Then x G I and ao Vai < x, hence, ao Vai G /, proving that I is an ideal. Similarly, 
one can define the ideals J and K of L, by permuting the three coordinates in L 3 . 
Now we prove that 

(I,J,K) g MapdL]. 

Indeed, let w G J A if . Then u> G J, so there exist i € I and G if such that 
(i,w,k) G X. Similarly, since w G if, there exist i' G i and j £ J such that 
io) G A". Put o — i hi' A j Ak Aw. Since A is an ideal, we have (o, u>, o) G A. 
Similarly, (o, o, ui) G X. Since A is join closed, 

(o, w, o) V (o, o, w) = (o, ui, u;) = (u;, w, w) G A, 

therefore, we conclude that w G /, so J A if C I. Similarly, I A if C J and 
i A J C if , so 

iAif = /AJ=JAif, 

that is, (I,J,K) G M 3 [Idi]. 

Finally, we prove that, for U = (I, J, if), we have U = X. Indeed, by the 
definitions of i, J, and if, it is obvious that A C U. So let (x,y, z) G U, that is, 
(x, y,z) G M 3 [i] and x G /, y G J, z G X. Since x G i, there exist j G J and 
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k G K such that (x,j,k) G X. Similarly, there are i £ I and k' G K such that 
(i, y, k') G X, and there are i' € I and j' G J such that (i' ,j', z) G X . Therefore, 

(x, y, z) < (x, j, k) V (i, y, fc') V (»', j', z) G X, 

proving that U C X. □ 

Remark 6.9. E. T. Schmidt suggested that we consider, for an arbitrary lattice L 
with zero, the least join-congruence of L 3 identifying all triples (0, x, x), (x, 0, x), 
and (ir,ir,0), for all ieL, and relate the quotient lattice L/Q to M 3 |X]. 

An alternative description of 9 is the following. For all (a,b,c) G L 3 , denote by 
Cl(a, 6, c) the least ideal / of L 3 containing (a,b,c) and such that if (x, y, z) G /, 
then (x, y, z)^ G /. In particular, if L is n-modular, for some n, then Cl(x,y, z) 
is just the ideal of L 3 generated by the closure (x, y, z) of (x, y, z). Then it is not 
hard to verify that 

(xo,yo,Zo) = (xx, yx,zx) (<d) iff Cl(x ,y , z ) = Cl(xx, yx,z%), 
for all Xi, yi, Zi in L and for i < 2. Hence, if L is n-modular, for some n, then 
L 3 /Q is isomorphic to M 3 [L]. Furthermore, Cl(a:o, yo, z o) = Cl(xi, yi, zx) is also 
equivalent to 

(a ® x Q ) V (b (g) y Q ) V (c <8> z ) = (a <8> ^i) V (6 ® V (c <g> zi), 
thus L 3 /Q is isomorphic to Af 3 eg) L, in general. 

7. The M 4 [L] construction 

Let M4 denote the lattice of height 2 with four atoms, a, b, c, and d. 

In this section, we prove that M4 <g) L is not a lattice, for a suitable modular 
lattice L with zero, thereby showing that R. W. Quackenbush's problem (discussed 
in the Introduction) has a negative solution also for modular lattices. We also find 
new examples of nonmodular tensor products that are not lattices, for instance, 
(M 3 ig> M 3 ) ig) L. 

The M^[L] construction has a natural extension to M4. For every lattice L, 
define 

Af_4[L] = { (xo, xx, X2, X3} G L A I a;^ A iEj = Xo A xi, for i ^ j }. 

As in Lemma |2~T1 it is easy to prove that M^L] is a meet-subsemilattice of L , and 
that it is a lattice if and only if it is a closure system in L 4 . 

Just as for triples, define the lattice polynomials qo, qx, qi, and g 3 in four vari- 
ables, xo, Xx, X2, and x 3 , as follows: 

q l0 = Xi, for i < 4, 

qo,n+x = qon V (qxn A <?2n) V (gi„ A g 3 „) V (q 2n A g 3 „), 

and, cyclically, define qx, n +x, 92,n+i, and g 3 ,n+i- 
Let (xo, xi, X2, x 3 ) G L 4 . Define, for n < u>, 

(6) (xo,xi,x 2 ,x 3 ) (,l) 

= (qo n (zo,Xx,X2,x 3 ), . . . ,q 3n (x ,xx,x 2 ,x 3 )). 

The proof of the following result is very similar to the proof of Corollary 16.31 
thus we will omit it. 

Proposition 7.1. Let L be a lattice with zero. Then the following are equivalent: 
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(i) M4 ® L is a lattice. 

(ii) For all {xq,xx,X2,x^) £ L A , there exists n > such that 

(x ,X ll X 2 ,X S ) {n) = (x ,Xi,X2,X 3 ) {n+1 \ 

Furthermore, if (i) is satisfied, then M4 (8> L = M^L]. 

Again, it is not difficult to verify that if L is distributive, then it satisfies the 
identity (xq, x\, X2, = (xo, xi, x 2 , x^)^. However, this is no longer true for 

modular lattices, as witnessed by the main result of this section: 

Theorem 6. Let V be an infinite dimensional vector space over a field K . Denote 
by £j(V) the lattice of all subspaces ofV. Then M4 ® H(V) is not a lattice. 

Note the contrast with the M3 case: £>(V) is a modular lattice, so M3 <g)£(V) is 
a lattice. 

Proof. We shall work with the lattice Fm(Ji) introduced in A. Day, C. Herrmann, 
and R. Wille £Q as follows. By definition, Fm(Ji) is the modular lattice generated 
by the elements a, b, c, and d, subject to the relations 

aAb = aAc = aAd = bAc = bAd = cAd — Q, 
aV6 = aVc = aVd = 6Vd = cVd=l. 

It is proved in pQ that Fm(Jj) is isomorphic to a sublattice of the lattice of all 
subgroups of a free abelian group of infinite rank. Replacing the free Abelian group 
on a countably infinite number of generators by a vector space U of countably 
infinite dimension over a field if, it is easy to see that the same construction shows 
that Fm(Ji) is isomorphic to a sublattice of the subspace lattice £>(U). 
The classical dualization map 

X~X ± = {£gU* |£[X] = {0}}, 

where U* denotes the dual of U, is a dual embedding from L(U) into L(U*). 
Therefore, the dual lattice L = F M (jf ) d of F M (Ji 4 ) embeds into L(U*). Now let 
Vq be a vector subspace of U* satisfying the following properties: 

(i) Vq has countably infinite dimension. 

(ii) (A + Y) n V Q = (A n V ) + (Y n Vo), for all X,Y<eL. 

(iii) (X - Y) n V ^ 0, for all A, Y in L such that A £ Y. 

Then A 1— > AflVo is a lattice embedding from L into £(Vo). Hence we have reached 
the following conclusion: 

L embeds into L(Vo), where Vq is a countably infinite dimensional vector space 
over K. 

£(Vq) embeds into £(V), thus L embeds into >C(V). 

Now suppose that Mn®L(y) is a lattice. By Proposition l7.I I the adjustment se- 
quence © based on any quadruple of elements of £(V) terminates. Thus, a fortiori, 
the same holds for quadruples of elements of L. 

However, we shall now prove that there exists a quadruple of elements of L whose 
adjustment sequence does not terminate, thus completing the proof. For this, we 
need the following description of L, obtained by dualizing the one given in £Q for 

F M (J! 4 ). 
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(7) 



(i,j)A(k,l) 



Put N = wU {oo}. For and (k,l) in N x N, let us write ~ (k,l), if 

x = y (mod 2), for all x, y £ {i, j, fc, Z} — {oo}- Then, we have 

L = eNxN| (i,j) ~ (oo,oo)}. 

The least element of L is (0, 0), the largest element of L is (oo, oo). 

Denote by A and V the infimum and the supremum on N. The meet and the 
join of L are given as follows: 

' (i Ak, j Al), 

if ~ (k,l); 
((i - 1) A (j - 1) Ak,(i - 1) A (j - 1) Al), 

if 9^ (k, I) and i A j > k A I; 
(*A(fc-l)A(/-l),iA(fe-l)A(/-l)), 
if (i, j) 9^ (fc, Z) and i A j < k A l; 

{ (iVkjVt), 

if (ij) ~ (fc,Z); 
((i + l)V(j' + l)Vfc,(t + l)V(j + l)Vi), 

if (i,j) ^ (k,l) and iV j < fcVZ; 
(t V (fc + 1) V (Z + 1), j V (fc + 1) V (I + 1)), 
if (i,j) (k,l) and i V j > kVl. 

The base quadruple (x, y, z, t) of elements of L is given by 

x = (0, oo); y=(l,oo); z = (oo, 1); i=(oo,0). 
For all n > 0, put 

(x, ! /,z,t)W = (xW,y(' l ),zW,zW). 
Then an easy (though somehow tedious) induction proof, based on the formulas Q 
and iJS}, gives that for all n > 0, we have 



(8) 



(i,j> v(M) 





_ 2.(2*1+2) 


= (2n + 2, 


oo), 




_ ^(2n+2) 


= (oo, 2n - 


-2), 




= y (2n+l) 


= (2n + l, 


oo), 


z (2n) 


= z (2«+l) 


= (oo, 2n - 


-1). 



In particular, the sequence (x, y, z, t)( n >, n > 0, is not eventually constant. 



□ 



Corollary 7.2. Let V be an infinite dimensional vector space over a field K . Then 
M 3 <g) MaDC^F)] is not a lattice. 

Proof. Define K = M 3 [L(V)] and L = L(V). Since L is modular, it follows from 
Corollary IO that M 3 [L] = M 3 <Z> L. By Proposition 2.9 of j., the tensor product 
of semilattices with zero is associative, thus we have 

M 3 ® (M 3 ® £) = (M 3 ® M 3 ) L. 

Thus, in order to prove that M3 ® K is not a lattice, it suffices to prove that 
(Ma <g> M 3 ) ® £ is not a lattice. 

Now, we note that the following four elements 

t = (1,0,0), u = (0,a,6), v = (0,b,c), w = (0,c,a) 
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of M 3 [M 3 ] have pairwisc meet (0, 0, 0) and pairwisc join (1, 1, 1), thus they generate 
a 0-sublattice isomorphic to M4. Hence, there exists a zero preserving embedding 
/ of Ah into M 3 ® M 3 ^ M 3 [M 3 ]. 

Now we need a very special case of Corollary 3.8 of [7j: 

Let A, A' , B be lattices with zero such that A is a {0}-sublattice of A' . If A' ®B 
is a lattice, then A® B is a lattice. 

Apply this with A = M 4 , A' = M 3 [M 3 ], and B = L. By Theorem© M 4 <8> L is 
not a lattice. Therefore, by the above statement, (M 3 <8> M 3 ) (8) L is not a lattice 
either. □ 

Corollary 7.3. There is a modular lattice M such that M 3 [M] is of modularity 
rank 00. 

Proof. We can take M = £(V), for any infinite dimensional vector space V. Indeed, 
if Ma[M] is n-modular, for some n > 0, then, by Theorem ^ M3 <g> Ms[M] would 
be a lattice, contradicting Corollarv l7.2l □ 

8. Congruence lattices 

In this section, we prove that every finite distributive lattice can be represented 
as the congruence lattice of a finite 3- modular lattice L. 

In G. Gratzer, H. Lakser, and E. T. Schmidt jjj], it is proved that every finite 
distributive lattice D can be represented as the congruence lattice of a finite planar 
lattice L. This lattice L has the following properties: 

(CI) L has a {0, l}-sublattice, G, the grid, which is of the form C x D, where 

C and D are finite chains. 
(C2) Every element of H = L — G is doubly irreducible in L. 
It follows from (CI) that for every element x £ L, there is a largest grid element 
x with x < x; dually, there is a smallest grid element x € G with x < x. 
(C3) For x, y G H, if x = y, then x = y; and dually. 

(C4) For every x £ H, either the interval is a prime interval and \x, x]l 

is the three-element chain, or \x, x]g is a prime square and is an 

M 3 . 

Recall that a prime square is an interval of length two isomorphic to Cf • For a grid 
element x, we shall use the notation (xc,xd), where xc £ C and xd £ D. 

By (C4), if [a, b] is a prime interval in G, then [a, 6]l — [a, b]c is either empty or 
it is a singleton; in the latter case, we denote the new element by n(a, b). Similarly, 
if [a, b] is a prime square in G, then the set [a,6]i — [a,6]c is either empty or it is 
a singleton; in the latter case, we denote the new element by m(a,b). 

For a grid element x, the C-line through x is defined as 

{ a £ G I a D — x D }; 

symmetrically, we define the D-line through x. 

Note the following immediate consequences of (C1)-(C4): 

If x, y £ L and x \\ y, then 

(C5) x Ay, x V y £ G. 

(C6) x A y — x A y and x V y = x V y. 

(C7) x is on the C-line or on the D-Yme through x A y; and symmetrically and 
dually. 
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The goal of this section is to prove the following result: 

Theorem 7. Let L be a finite lattice satisfying conditions (C1)-(C4). Then L is 
3-modular. 

Proof. In this proof, we shall use the notation 

for a triple (x, y, z) in L and n > 0, and with this notation we can restate the 
theorem: 

Let L be a finite lattice satisfying conditions (C1)-(C4). Then, for any triple 
(x,y,z) in L, the triple {x^ 3 \y^\ z^) is balanced. 

If (x, y, z) in L is not an antichain, then (x^ , y^ 2 \z^) is balanced by Lemma l2"in 
So from now on, we assume that 

(Al) (a;, y, z) is an antichain. 

If x || y A z, y || x A z, z \\ x A y, then by (C5), a; (1) , y^\ z^ e G, hence, by 
Lemma l2~Tl the triple (x^ 2 \y^ 2 \ z^) is balanced. So by symmetry, we can assume: 

(A2) y A z < x. 

Equivalently, x^ = x. 

If x A z < y and x A y < z, then (x, y, z) is balanced. So we have two cases to 
consider: x A z < y, x Ay \\ z (see Figure 3) and x A z \\ y, x Ay || z (see Figure 6). 




Figure 3 

Case 1. x A z < y and x A y || z; see Figure 3. 
Note that the assumptions for Case 1 are symmetric in x and y. 
Let u = y A z. By (A2), y A z < x A z and by the assumption for Case 1, 
x A z < y A z, so 

(9) u = xAz = yAzeG. 

Hence, u < z. We distinguish two subcases: u = z and u < z. 

Case la. u — z. Obviously, z G, because z S G would imply that z = z = 
u < x, contradicting the assumption (Al). So either z — m(u,z) or z — n(u,z). 
In either case, z ^ x Ay, see Figures 4.1 and 4.2. Let Lq (resp, L' c ) be the C-line 
through u (resp., through z). By symmetry and (C7), we can assume that x Ay is 
on Lc- 

Since x A y = x A y, it follows that either x or y is on the line Lc- Since the 
assumptions are symmetric in x and y, we can assume that x is on the line Lc', but 
L' c "covers" Lc and y cannot contain an element on L' c (that would contradict 
(Al)), therefore, y also is on the line Lc- We conclude that x and y are comparable, 
so we can assume that x < y (and so x ~ x A y). In this case, x — x leads to a 
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contradiction with (Al), therefore, x < x. Also, x < y because x — y would 
contradict either (Al) or (C3). If x = n(x,x) with x, x on Lc, then we cannot find 
room for y by (Al). 




Figure 4.1 Figure 4.2 



So there are two possibilities for x: 

(i) x — n(x, x) with x on Lc and x on L' c ; 

(ii) x — m(x,x) with x on Lc and x on L^. 
If (i) holds, then 

(x , y , ^ ) — (.T,y,x) and a; < 
so (x' 3 ), y' 3 ', z' 3 )) is balanced by Lemma T2. 81 If (ii) holds, then 

z«) = (x,y,(xAy)Vz) 

is balanced. 




Figure 5 



Case J6. u < z. Then a;^ 1 ^ = x, y^' — y, z^ — (x A y) V z, see Figure 5. 
We cannot have x = y (= x A y); indeed, then x — x or y — y would contradict 
(Al); x < x and y < y would contradict (C3). It follows that by symmetry we can 
assume without loss of generality that either x<yorxAy<x, x Ay < y. We 
consider these cases separately. 

Subcase I. x < y. Obviously, x ^ G because x € G would imply that x < y, 
contradicting (Al). We cannot have both x c < y c and x D < y D because this 
would again imply that x < y, contradicting (Al). 

y and z^ cannot be on the same line through x. Indeed, if y and z^ are, say, 
on the D-line through x, then x<y< z^ (since z^ < y would imply that z < y, 



18 G. GRATZER AND F. WEHRUNG 

contradicting (Al)). So z^- 1 ' — x\/~z = y Vz, which implies that iAz < y A~z (since 
G is distributive). So u < y A z, contradicting u = y A z. 

Therefore, by symmetry, we can assume that x and y are on the C-line through 
x = x A y and z^ is on the D-line through a;. Then x is not on the C-line through 
x (this would contradict (Al)), so either x = n(x,x) with x c = Xc, in which case 
{x^\ y( 3 \ z^) is balanced (since x — x^- 1 ' < z^) or x = m(x,x), in which case 
(a;W , y^ , z^) = (x, y, z 1 ^) is balanced. 

Subcase II. x Ay < x and x Ay < y. Let Lc be the C-line through x Ay and let 
Lo be the D-line through x Ay. Since z' 1 ) = (x A y) V z, it follows that zW is on 
Lc or on Ljj, say, on Lo- Then by (Al), y < z^\ which contradicts © as above, 
so this subcase cannot occur. 

This completes Case lb and, therefore, Case 1. 




y A z 
Figure 6 



Case 2. x A z || y and x Ay \\ z. This case is illustrated in Figure 6; the grey 
filled elements are in G. Define u = (x A y) V (x A z). The elements y A z, x Ay, 
x A z, and u are distinct; indeed, any equality would contradict with x A z \\ y or 
with x A y || z. So u is at least a "prime square" above y A z. 

We start with two observations: 

(10) x = u and j (1) Az (1) =u. 

Without loss of generality, we can assume that x A y is on the C-line through 
y A z and that x A z is on the D-line through y A z. 

If u < x, then (x A y)c < x c or (x A z)d < x D , say, {x A y)c < x c . It follows 
that y < Xjq and so y c < x c . Therefore, y < x, a contradiction. 

y A z ~ y Az < u implies that y A z < u since y A z is at most one "prime square" 
above y A z. Thus (y V u) A (z V u) — u, as claimed. 

Now this case is easy. If x = u or x — m(x,x), then {x^\ y^\ z^) is balanced 
since x — x^\ If x = n(x,x), then by symmetry we can assume that x < z^ 
(since u = x, x -< x, and u < z^) and then x^ = x, y^ = y V x, z^ = z^; 
hence {x^ 2 \y^ 2 \ z^) is balanced, which completes the proof. □ 

Note that in Theorem [7| "3-modular" cannot be changed to "2-modular". In- 
deed, let A = {0,1,2} with < 1 < 2 and A x = {0,1} with < 1. We take 
a = (1,0), b = (1,1), and L = G U {n(a,b)}. Then L satisfies (C1)-(C4). Set 
x = n(a, b),y= (2, 0), and z = (0, 1). Then x = x^> = x^ < x^ = (1, 1). So L 
is not 2-modular. 

Corollary 8.1. Every finite distributive lattice D can be represented as the con- 
gruence lattice of a finite planar 3-modular lattice L. 

Proof. This is immediate by combining the representation theorem in G. Gratzer, 
H. Lakser, and E. T. Schmidt with Theorem □ 
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9. Discussion 

Problem 1. Which lattice varieties are closed under tensor product? 

There are several ways to define what it means for a lattice variety V to be 
"closed under tensor product" : 

(i) If A and B are finite lattices, A, B e V, then A ® B G V. 

(ii) If A and B <E V are lattices with zero, A, B s V, and A <g> B is capped, 
then A®5eV. 

(iii) If A and BgV are lattices with zero, A, B 6 V, and A ® is a lattice, 
then A(g> B eV. 

The trivial variety, T, the variety of all distributive lattices, D, and the variety 
of all lattices, L, are closed under tensor product under any of the three inter- 
pretations. The problem, whether there are any more, is open in all of its three 
variants. 

It is easy to verify that T and D are the only two finitely generated varieties 
that are closed under tensor product (under any one of the interpretations). 

Problem 2. Compute the modularity rank of -A[.B], for small lattices A and B1 

The following examples were computed by B. Wolk: 

Example 9.1. The modularity rank of M^[Mk] is 3, for all k > 2. 

Let Mi = {0, a, 6, c, d, 1}. Then the computations can be arranged in an array, 
as follows: 



n 


Pn 


q n 


r n 





(6, c, a) 


(b, a, d) 


(a, 0,c) 


1 


(b, c, a) 


(b, a, d) 


(l,c, c) 


2 


(b, c, a) 


(1,1,1) 


(l,c, c) 


3 


(1,1,1) 


(1,1,1) 


(1,1,1) 



Among the 89,217 three-element antichains in Ma[M4], 936 do not satisfy /x 2 but 
they all satisfy /x 3 . More generally, this is true in all the lattices M^[Mk], k > 2, 
that is, they are all exactly 3-modular. 

Example 9.2. Let F7 denote the lattice of subspaces of the Fano plane. Then 
M3PF7] is not 3-modular. 

Notation: the points are 1, 2, 3, 4, 5, 6, 7; the lines are 124, 235, 346, 457, 561, 
672, 713, and the plane is PL. The following example shows that M3PF7] is not 
3-modular. 



n 


Pn 


q n 


r n 





(3,6,4) 


(3,457,2) 


(7,2,561) 


1 


(3,6,4) 


(3,457,2) 


(713,124,561) 


2 


(346, 346, 346) 


(3,457,2) 


(713,124,561) 


3 


(346, 346, 346) 


(713,457,672) 


(713,124,561) 


4 


(PL, 346, 346) 


(713,457,672) 


(713,124,561) 



M3PF7] is too large for a complete search of the type B. Wolk was conducting; 
it has 1,090 elements, and around 190 million three-element antichains. 

Corollary 17.31 show that the modularity rank of M3 [L] may be 00 even if L is 
modular. 
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Problem 3. Let if be a field, and let V be a d-dimensional vector space over K. 
What is the modularity rank of M3[£(V)]. 

Problem 4. Is it possible to represent every finite distributive lattice as the con- 
gruence lattice of a finite (planar) 2-modular lattice? 

For n > 1, define s(n) as the smallest integer so that there is an exactly n- 
modular lattice of size s(n). Obviously, s(2) = 5, as realized by N$. The lattice 
presented after the proof of Theorem [7| shows that s(3) = 7. 

Problem 5. Determine the function s(n). Compute s(n) for small values of n. 

Problem 6. Describe the free lattice with three generators over M2. Is it finite? 
What about F Mn (3)? 
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